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Abstract-This paper discusses the two-dimensional interaction of a step-function compressional wave with a
circular cavity in an infinite elastic medium. The technique presented here is an adaptation of a method developed
by Friedlander for wave-front approximations. Friedlander's method proves more accurate for short times
than the Fourier series approach. The presented work exploits, for the first time, the application of a numerical
technique to Friedlander's basic method. The numerical technique is applicable only in the shadow zone of the
cavity, which is the only region where the solution can be constructed from the transient response in a series of
circumferential propagation modes. These modes are governed by a dispersive spectrum relating complex wave
numbers to frequency. Numerical results are presented for seven modes of the spectrum. These modes are used
to construct the transient velocities on the back surface of the cavity. The numerical results indicate that the
convergence of the mode series is very rapid at short times, and that seven modes are sufficient to determine the
long-time asymptotic values. Comparisons of the present results with earlier Fourier series results show the
latter's degree of inaccuracy at short time.

INTRODUCfION

IN RECENT years there have been many analyses of the two-dimensional (plane strain)
interaction of transient elastic waves with a circular cylindrical obstacle in an otherwise
unbounded medium. These analyses are primarily motivated by the relationship of the
interaction problem to the effects of ground shock waves on underground structures [1].
Most of these studies use a Fourier series representation of dependence of the solution
on the circumferential coordinate, e. Recently, a new technique was developed by
Friedlander [2,3], essentially using a Fourier integral representation of the edependence
and representing the solution in terms of circumferentially propagating waves. The latter
representation will be referred to in this paper as the "wave-sum" type of solution.

The Fourier series representation is an effective means of solution at long times and/or
large distances from the obstacle. Through use of numerical techniques and electronic
digital computers, however, the Fourier series solutions have been evaluated for points
near the obstacle surface at times as short as one transit time, i.e. the time required for an
incident wave to pass across the obstacle [4-7].

Previous to the work described herein, the Friedlander wave-sum type of solution was
used only for approximate evaluations, valid close to wave arrival times. Gilbert and
Knopoff [8J and Gilbert [9J used this method to obtain wave-front approximations for
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the dilatation (P) and shear (S) wave fronts generated by impulsive line sources. Miklowitz
[10,11] supplemented the Friedlander technique with a contour-integration treatment and
obtained an approximation for the Rayleigh-type wave (caused by an incident plane
dilatation wave) on the surface of a cavity. Grimes [12] obtained P and S wave-front
approximations in the illuminated zone for the case of an incident plane wave. Norwood
and Miklowitz [13] recently obtained approximations for the diffracted P and Rayleigh
waves for the case of a spherical cavity.

The work presented here is a numerical evaluation of the wave-sum solution for the
case of a plane, step-function stress, dilatation wave incident upon a cavity (Fig. 1). This is

INCIDENT" REFLECTED FRONT

FRONT " "

"'" CAVITY
BOUNDARY

FIG. 1. Geometry of the problem, showing the dilatational wave fronts at a time after the incident front
has passed the cavity.

apparently the first time the wave-sum method has been exploited numerically. The
technique is particularly effective for short times, as expected. In addition, the convergence
properties of the solution are good even for rather long times, say five transit times.

An important concept related to the method used here is the division of space into the
so-called shadow and illuminated zones. The shadow zone consists of those points that
can be reached from the source only by diffracted rays, i.e. minimum time paths that lie,
in part, on the surface of the cavity. The remaining portion of space is the illuminated zone
(see [9] for a more detailed discussi<?n). Plane wavtls.may be regarded as originating from
~ source at infinity, therefore the shadow zone for the subject problem is as shown in Fig. 1.
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The numerical results presented here were obtained only in the shadow zone. In this
region, one of the two inversion integrals involved in Friedlander's technique can be
expressed as an infinite series of residues. Each term of the series corresponds to a mode
of circumferential wave propagation. These modes are similar to those found in rod and
plate theory. The transient response is found by numerical evaluation of the second
inversion integral for each term of the mode series. There is no apparent way to apply
direct numerical evaluation of Friedlander-type solutions in the illuminated zone,' The
residue evaluation in this region is inappropriate; therefore both inversion integrals
would have to be evaluated numerically. Direct numerical evaluation of both inversion
integrals would be difficult, if not impossible.

Even in the shadow-zone evaluations, the numerical work is formidable and must be
backed up by various lengthy asymptotic approximations. Difficulties with slow con­
vergence of the infinite integrals for the stresses still persist, therefore the results obtained
were limited to the velocities and displacements.

INITIAL-BOUNDARY VALUE PROBLEM

The problem is formulated in terms of displacement potentials,.4> and '1'. Let the vector
displacement, U, be given by U = V4> + VX '1'. In this case, 'I' has only one nonzero compo­
nent (denoted by lj;), perpendicular to the plane of the problem. Then one has the well-known
result that solutions of the wave equations

(la)

(lb)
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are also solutions of the displacement equation of motion for a linear, elastic, isotropic,
homogeneous solid. Aand 11 are the Lame constants and p is the density. The radial and
circumferential displacement components, denoted by u and v, respectively, and the
stresses (Jr, (Jo, and LrO are related to the potentials by
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The solution is separated into scattered and incident parts, denoted by subscripts ( )sc and
( )inc, respectively. The total solution is given by the sum of the scattered and incident
parts, e.g. 4> = 4>sc+4>inc. Each part satisfies the wave equations. The incident part is
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specified to be a step-stress dilatation wave,

(JoC~ ( r cos a)2
( r cos a)

r/... =-- t+-- H t+--.
'l'mc ,1+2/1 Cd Cd

(4)

Then the incident stresses are also known, and the boundary conditions for the scattered
solution are

(Jr,Ja, a, t) = - (Jr;nJa, a, t)

Lr8sJa, a, t) = - Lr8;nJa, a, t)

(5a)

(5b)

at r = a, in order that the total stress on the surface of the cavity be zero. Inasmuch as the
incident wave first strikes the cavity at t = -a/cd' the mathematical specification of the
problem for the scattered potentials is completed by requiring

r/.. = acPsc = .f, = aljJsc = °
'l'sc at 'I'sc at

at t = -a/cd'

GEOMETRY OF THE WAVE FRONTS

Because the method of solution is intimately connected with the wave-front propaga­
tion, a description of the fronts is presented at this point. Fig. 1 shows the positions of the
incident, reflected, and diffracted dilatational wave fronts shortly after the incident front
has passed the cavity.

The fro,nts may be regarded as propagating along rays. Rays that lie partly on a bounding
surface are called diffracted rays. Points that can be connected to the source of disturbance
only by diffracted rays are said to lie in the shadow zone. For the present problem, the
source of the disturbance is at r = 00, 0= 0, hence the shadow zone for dilatational waves
is as shown in Fig. 1. A larger shadow zone is associated with the shear waves [9], but it
encompasses the dilatational shadow zone. For this reason, the only region completely
in the shadow is the dilatational shadow zone.

The wave fronts may be constructed by using the fact that they propagate along the
rays at the wave speeds Cd and CS ' The position of the diffracted dilatational front on r = a
is particularly simple, being merely

a= cdt +~
a 2'

since t = °is taken when the incident front passes the center ofthe cavity. Thus, an increase
of2n in cdt/a returns the front on r = a to the same position. This "winding" ofthe diffracted
front continues ad infinitum.

FRIEDLANDER'S REPRESENTATION OF THE SOLUTION

The method of solution suitable for short-time evaluations was developed by
Friedlander [2,3]. This form may be obtained by various means. Perhaps the most direct
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method is the application of Poisson's summation formula (14], which may be stated

Applied to the Fourier series representation of a typical response function f(r, 0, t),
this gives

00

f(r, 0, t) = L F(r, n, t)e inO

n= - 00

where the definition

L f*(r, O+2mn, t)
m= -00

(6)

(7)

is used in equation (6). For reasons that will become clear later, f* is called the "wave
form" off, and the sum on m in equation (6) is called the "wave sum".

The wave form of the response,f*, has a clear physical interpretation. This response is
the disturbance propagating outward in 0 with the wave fronts given by the geometrical
theory above, i.e. the fronts off* wind around the cavity. From his wave-front expansions,
Friedlander found that f* is identically zero for O's beyond the wave front, therefore, for
finite t, the sum on m is finite. Thus,f* overlaps itself as it winds around the cavity, and the
wave sum on m is simply the sum of the overlapping responses. Both the total solution f
and the wave formf* are defined on -00 < 0 < 00, butf* is not periodic in 0; however,
the wave sum on m gives the total solution the 2n periodicity in 0 that is physically required.
This may be seen by asking for the value offat a () that is outside the usual physical range,
say 0 = 4n instead of 0 = O. All this means is that in equation (6) the terms that contribute
to the total solution differ (from the solution for () = 0) by 2 in their value of m, but the
number of terms and the values of the individual terms are identical to the 0 = 0 case.
See [3J for additional discussion of the interpretation of the solution.

The present problem can be cast in the wave-sum form by first finding the Fourier
series representation of the solution, and then applying the above formulas; however, a
more direct method is as follows. Because the only given function in the problem is the
incident potential, once its expression in the wave-sum form is found, one can simply
require that each term of the wave sum for </>sc and t/lsc satisfy the wave equations,

(Sa)

(Sb)
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and that the boundary conditions are also satisfied term-by-term

a:.Ja, 8, t) = - a~nJa, 8, t) (9a)

.:8.Ja, 8, t) = - .io",.,(a, 8, t). (9b)

When the quiescent initial conditions at t = -a/cd are added, it is clear that the wave sum
of the solutions to the above problem is the solution to the original proble~. To complete
the statement of the problem, the wave-sum form ofthe incident potential must be obtained.
This is done after the application of integral transforms.

TRANSFORM SOLUTION

The bilateral Laplace transform on time will be denoted by

1(r, 8, p) = f~oo f(r, 8, t)e - pI dt

with the inversion integral

f(r, 8, t) = -2
1

. f f(r, 8, p)ePI dp.
1t1 JBr,

(lOa)

(lOb)

Brl is the Bromwich contour, ~p = C, - 00 < J p < 00. The subsequent Fourier transform
on 8 is denoted by

with the inversion integral

J(r, v, p) = Loooo f(r, 8, p)e- iv8 d8

f 1 foo J .8(r, 8, p) = - (r, v, p)e'V dv.
21t - 00

(lla)

(lIb)

The double transform of the wave-sum form of the incident potential is found by
applying the Poisson summation formula to the Fourier series of the Laplace transform
of <Pine' From equation (4), (Pine = (Po(p) exp(kdr COS 8), where kd = plcd and (Po(p) =
aodp-3(..1.+2,u)-1. The Fourier series may be written as

00

(Pine(r, 8, p) = L (po(p)Ilnl(kdr)ein8
n:::::: - 00

where the integral definition of In, the modified Bessel function of the first kind, has been
used. The absolute value sign is permissible since I -n(Z) = liz) for integral n. Then, applying
equation (7) and taking the Fourier transform gives

Since liz) approaches zero exponentially as v --+ + 00, the Fourier integral theorem
gives

(12)
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Applying the Laplace-Fourier transform to equations (8) for 4J:c and t/J:c gives the
equations for the modified Bessel functions. Using only those solutions that vanish as
r -+ 00, one obtains

<I>:c(r, v, p) = A(v, p)K.(kdr)

lfi:C(r, v, p) = B(v, p)Kv(ksr)

(13a)

(13b)

where ks = plcs and K v is the modified Bessel function of the second kind. A and Bare
determined from the boundary conditions at r = a. Applying the transformed stress
expressions

(14a)

(14b)

to the transformed boundary conditions gives

A(v, p) = [D(v, p)] - 12niPo(p) {[(2v2 +k;a2)Ilvl(kda) - 2kdaI,vl(kda)]

x [(2v2+k;a2)K.(ksa)-2ksaK~(ksa)]

-4v2[Ilvl(k~)-k~Iivl(kda)]. [K.(ksa)-ksaK~(ksa)]} (15)

B(v,p) = -[D(v,p)r 141tiPo(p)iv(2v2+k;a2-2) (16)

where

D(v, p) = - {[(2v2+k;a2)K.(kda)-2kdaK~(kda)]. [(2v2+ k;a2)Kv(k.a)-2ksaK~(k.a)]

-4v2[Kv(kda) kdaK~(kda)]. [Kv(k.a)-ksaK~(ksa)]}. (17)

The Wronskian Kv(z)I~(z)-K~(z)Iv(z) = Z-1 has been used to simplify the expression
for B. The expressions for the transformed scattered displacements and circumferential
stress are

u:C(r, v, p) = r- 1[kdrK~(kdr)A(v, p)+ ivKv(ksr)B(v, p)] (l8a)

v:c(r, v,p) = r-l[ivKv(kdr)A(v,p)-ksrK~(ksr)B(v,p)] (I8b)

a:.Jr, v, p) = 11'- 2 {[(k;r2 - 2v2-k~r2)K.(kdr)+2kdrK~(kdr)]A(v, p)

- 2iv[Kv(ksr) - ksrK~(ksr)]B(v, p)}. (18c)

INVERSION OF THE TRANSFORMED SOLUTION

The Fourier transform will be inverted by contour integration in the complex v plane,
therefore the analyticity of the transforms in v must be examined. First, the absolute value
signs on vmay be dropped when the sum ofthe scattered and incident response isconsidered,
since 4J:c + 4J~c is even in real v, regardless of whether or not the absolute value signs are
used. Then the continuation off the real v axis is immediate, because the Bessel functions
are entire when considered as a function of their order as a complex variable. The only
possible singularities in v of the transforms arise from zeros of the denominator D(v, p).
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It will be seen below that D has an infinity of simple complex zeros, vJ{p), which approach
infinity as j -+ 00.

The Fourier inversion integral is then evaluated using the residue theorem. The in­
version contour on the real axis is completed by a sequence of curves Cj passing between
the zeros Vj' Provided that lei> nl2 and that C j is taken in.!Iv ~ 0 for e~ 0, the integrals
on Cj vanish as j -+ 00 and the integral on real v is equal to the convergent infinite series
of the residues at Vj' The usefulness of the series in computations is, however, restricted to
the shadow zone where the series is rapidly convergent. No proof of these restrictions is
offered here, but they are characteristic of the wave-sum approach to the problem. Detailed
discussions of such restrictions for similar problems may be found in references [3], [13]
and [15].

For the sake of brevity, in the remainder of this paper letfdenote any of the response
functions, such as u, v, 0'0' etc. Then the residue evaluation yields

J*(r, tI, p) = IJ1(r, tI, p)
j

where

For the numerical computations, it is worthwhile to note that

[oDjav]v~Vj = - [(oDjop)(dvjdp)- I]v~Vj

(19)

(20)

since D(vj, p) = o.
The Laplace transform inversion ofJ* must now be found. It is reasonable to assume

thatf* does not grow exponentially in time, in which case/* must be analytic in /!,fp > 0,
and Sri may be chosen with f!-fp = c for any c > O. The SrI contour is completed by the
contour C + CR +C _R' as shown in Fig. 2. This contour is taken on the imaginary axis in
order to give p the character of frequency, which allows greater physical insight, and also
because it has been successfully used in other numerical evaluations [16,17]. The in­
dentation Co avoids the branch point p = 0 common to the Bessel functions. Assuming
that the integrals on C ±R vanish, and that the sum on j may be interchanged with the
integral on C, one finds

where

and

f*(r, e, t) = IJ1(r, e, t)

fj(r, tI, t) f1F(r, e, t)+ f10(r, e, t)

1 I-in fiR
f1F(r, e, t) = -2. lim + /1(r, e, p)ePI dp

1tl ~::g' - iR io

f10(r, tI, t) = --2
1

.lim f /1(r, e, p)ePI dp
1rln-oJco

(21)

(22a)

(22b)

(22c)
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FIG. 2. Completion of inversion contour for Laplace transform.

in which the radius of Co is denoted by J. For the integral fjF on the imaginary axis, we
may set p = - iw where w is real, and write

1 f-fJ fRfjF(r, e, t) = lim -2 + U:c(r, v, - iw)D(v, - iw). [8Dj8vr lei(VO-wtlL=vj(_iW) dw.
~::o n -R fJ (23)

The form of the integrand in equation (23) brings out a very important point. Notice
that the factor ei(VjO-rot) represents a circumferentially propagating wave which is a pure
sinusoid in time (with frequency w), but a decaying sinusoid in e. It decays in ebecause
(as will be seen below) the wave number, Vj' is complex with a positive imaginary part.
The dependence of Vj on w may be said to define a mode of sinusoidal wave propagation.
Then one has the obvious and useful interpretation of the integral over w as the transient
response in such a mode. For this reason, we call the sum onj in equation (21) the "mode
sum".

Before further evaluation of the integrals, it is necessary to delineate the nature of the
vj - w relationship in detail.

BEHAVIOR OF THE ROOTS OF THE FREQUENCY EQUATION

The functions vi - iw) are the roots of the equation D(v, - iw) = O. This equation is
called the frequency equation because it determines the relationship between the wave
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number and frequency in sinusoidal wave propagation modes. Using the relationship
Kv(z e- i(1t/Z») = !in etV1tiH v(z), one can write the frequency equation as

D(v, -iw) = (~r eV1ti{[(2vz-0;)Hv(0)-20H~(0)J. [(2vz-0;)H.(Os)-20sH~(Os)J

-4vZ[Hv(0)-OH~(0)J. [Hv(Os)-OsH~(Os)J} = 0 (24)

where 0 = walcd, Os = walc" and Hv(z) denotes the Hankel function of the first kind.t
Using Bessel function recursion relations, one can also write this as

I (n) ZD(v, -iw) = 20z0; 2 e"1ti{Hv+z(O)Hv_z(Os)+Hv_z(O)Hv+z(Os)

-(C(z-I)H.(O)[HV+2(Os)+Hv-z(Os)J} = 0 (25)

where C( = cics .

The frequency equation for the present problem was first obtained by Victorov [18J
in the form given in equation (25). He found an approximation for a root whose velocity
approached the Rayleigh velocity CR as 0 ----. + 00. Later, Gilbert [9J found approximations
for an infinity of roots whose velocities approach Cd as P --+ 00 on the real p axis.

The similar but simpler frequency equations governing the analogous acoustic and
electromagnetic problems have been studied extensively. The recent work of Keller et al.
[19J presents a comprehensive summary of asymptotic and numerical results for these
problems.

Here we present numerical results for the present problem for real 0 (imaginary p),
but merely quote the corresponding asymptotic approximations for large and small O.
The derivations of the approximations are too lengthy for inclusion here, however, they
are given in [20]. The present large-O results are very similar to those of Nagase [21 J, who
gives an extensive discussion ofthe large-O asymptotic behavior ofthe roots for the diffrac­
tion of sinusoidal elastic waves by a spherical cavity.

The roots have useful symmetry properties. The integral definition of Kv(z) shows that
K.(z) = K-v(z) and K.(z) = Kv(z) (in this paragraph bars are used to denote complex
conjugates). Then an examination of equation (17) shows that D( - v, p) = D(v, p) and
D(v, jj) = D(v, p). This means that if vo(P) is a root, - vo(p) and ±vo(jj) are also roots.
Therefore all the roots for real 0 may be found from the roots with J v > 0 and 0 > O.

Numerical results for seven of the roots are shown in Fig. 3 for real 0 and the Jv > 0
half of the complex vplane. These and the later transient response results all use a Poisson's
ratio oft. All other physical and geometrical constants are eliminated by nondimensionaliza­
tion. These numerical results were obtained by using a FORTRAN computer program
from the SHARE library [22J to calculate the Bessel functions of complex order, and a
root-finder program based on the method of false position. The determination of each
root at the points 0 = 0'01(0'01) 0'1(0,1) 1(0'2) 2(0'5) 5(1) 40t required about 5 minutes
on an IBM 7094 computer.§ For reference purposes, note that a line, 0 = .'~v, would
correspond to waves propagating at velocity Cd' The three roots designated PI, P2, and

t The superscript in the conventional notation H~l), is omitted for convenience. Hankel functions of the
second type are not used in this paper.

t The notation a(b)c means that increments of length b were used between values a and c.
§ About half of the computer time for the present work was provided gratis by the Western Data Processing

Center at the University of California, Los Angeles, under their off-campus users' program.
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FIG. 3. Projections of the roots.

P3 are the first three of an infinity of roots whose phase velocities approach Cd as 0 ap­
proaches infinity. Their asymptotic approximation, to two terms, is

(0)+ .v.~Q+a.- e- 2 /3",
J J 2 (26)

where the Qj are the roots of the Airy function (Q j = - 2.338 ... , etc.). The three roots
designated Sl. 52, and 53 are the first three of an infinity of roots whose phase velocities
approach c, and have approximations corresponding to equation (26) with 0 replaced
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by Qs' The root designated R is a single root whose velocity approaches the Rayleigh
velocity. The wave number of this root has the approximation

(27)

(28)

(29c)

(29a)

(29b)

where the)li are real positive functions of Cd and CS ' The expressions for the)li may be found
in [20J or by reference to Victorov [18].

All the roots are complex; the lower half of Fig. 3 shows the behavior of J v. As /Jiv
(and hence Q) grows, Jv also grows for the P and S roots. For the R root, Jv first grows and
then decreases to zero. Thus, according to equation (23), the R root should play the most
important role for large O.

As Q approaches zero, the P roots approach v = -1, and the S roots and R root
approach v = + 1. The low-frequency approximation need be written only for v == + 1,
because the v == - 1 behavior follows from symmetry:

1[ (X2 + 1 ] ( pa) - Ivip) = 1-- log-2-+(2j+l)ni log~ +O[(logp)-2J
2 (X - I Cd

where j = 0 corresponds to the R root, j > 0 to the S roots, and j < 0 to the P roots.
Using this information about the roots Vj' the contour integral for the inverse Laplace

transforms Ij given by equation (22) will now be evaluated on the surface of the cavity,
r = a.

SINGULARITIES OF THE INTEGRANDS AT p = 0

Consider first the behavior of the integrands !j(r, e, p)epr in the neighborhood of
p = O. Using the general expression for Jj given by equation (20), the definitions of u~,

iJ:' and iiL given by equations (18), the small p approximations for vj given by equation (28),
and the power series definitions of the modified Bessel functions, one finds the small p
approximations to be of the form

iij(a, e, P)}
_* ~ const(log p) - 1P- 2
Vj (a, 0, p)

uj(a, e, P)}
""'"* ~ const(logp)-lp-l
Vj (a, e, p)

ii1(a,e,p) ~ const(logp)-lp-2
J

where the constants are non-vanishing functions of a, Cd' cS' and O. The algebraic singulari­
ties of these integrand factors cause the integrals in equation (22) to diverge as J (the radius
of the indentation Co) approaches zero; however, by using the convolution theorem,
these singularities can be removed.

APPLICAnON OF THE CONVOLUTION THEOREM

Because we restrict our attention to the shadow zone, where the response is identically
zero for t < 0, the bilateral Laplace transform reduces to the one-sided Laplace transform.
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(31)
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The convolution theorem then has the familiar form

-2
1

. f gl(P)g2(P) ept dp = It gl(r)g2(t-r) dr.
7l:1 JBrj 0

Taking gl(p) = pnJj(r, 0, p) and gz{p) = p-n one obtains

It ( )n-I 1 i'* - t-r _ n '!' r ° epr d dr!j(r,O,t) - (-1)' 2' P'JJ(' ,p) p.
on. 7l:1 Br,

Again completing Br , by the contour C, interchanging the order of integration on p and
t Uustified because it was shown numerically that the Jj decay exponentially as p --+ 00

on the imaginary axis), and carrying out the integration on r, we obtain

1 I [n-I ]/j(r,O,t) = --. Jj(r,O,p) ept
_ L (pt)k(k!)-I dp.

27l:1 C k=O
(32)

Since the factor in square brackets behaves like pn as p --+ 0, we see from equation (29)
that by using n = 2 for uj, vj and (Jll' and n = 1 for uj and iJj, the integrands will approach
zero as p --+ O. Then, as (j --+ 0, the integrals on the indentation Co vanish, and we are left
with

I JO IiR
- [n-I ]/j(r, 0, t) = -2. lim + /j(r, 0, p) ept

- L (pt)k(k !)- 1 dp.
7l:1 R-oc, -iR 0 k=O

These integrals are proper at the origin.

NUMERICAL EVALUAnON OF THE INTEGRALS

(33)

For numerical evaluation, the symmetry properties of the integrand were used to write
the integral over the positive imaginary p axis, and the variable of integration was changed
to the nondimensional frequency, n = wa/cd (where w = ip). The integrand factors
Jj(r, e, - iw) were evaluated numerically and tabulated at a fixed set ofn values,

n = 0,01(0,01) 0'1(0,1) 1(0'2) 40.

These n values were chosen because they were sufficiently closely spaced to make a
Simpson's rule evaluation of the integral accurate to within about one percent for
o < cdt/a < 10. The integral over 0 < n < 0·01 was shown to contribute less than one
percent by using asymptotic approximations, therefore its contribution was neglected.
By plotting the convergence of the integrals as the upper limit was increased, it was shown
that an upper limit of 40 was adequate for convergence of the velocities and displacements
within about one percent except for the PI mode for e < 7l: and Cdt/a < 1'5, where spurious
oscillations of a few percent resulted, as indicated below. For the stress (Jo, the slow con­
vergence of the integrals at the upper limit prevented numerical evaluation by the present
techniques.

DISCUSSION OF NUMERICAL RESULTS

The displacements and velocities on the surface of the cavity (r = a) were evaluated at
the points e = ~7l: and e = n for 0 < cdt/a < 10. The modes PI, P2, P3, R, SI, and S2
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were summed. Again, Poisson's ratio was taken to be i. The velocities have the most interest­
ing pulse behavior and are shown in Figs. 4 through 7 for the 8 in point.t We use the nor­
malization constant Uo = O'OC.J(,1" +2p), which is the particle velocity behind the incident
step-stress dilatation wave.

Figure 4 shows the radial velocity in the wave form of solution, i.e. u*, at 8 = hr (both
individual mode contributions and the mode sum are shown). The largest contribution
comes from the Pi mode, which also exhibits strong impulsive behavior at the arrival
time of diffracted P waves. The second largest contribution comes from the R mode. It is
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FIG. 4. Modal response u1 and mode sum u* at r = a, (J "= In.

noteworthy that no significant impulsive behavior occurs at the diffracted Rayleigh (R)
wave arrival time. Contributions from the higher P modes (P2 and P3) are seen to decrease
rapidly as the mode number is increased. The SI mode has a very small contribution, and
the S2 mode response is too small to be plotted. The mode sum is essentially zero ahead of
the arrival time of the diffracted P wave. The plot in Fig. 4 is too crowded to show this,
but it can be seen in Fig. 6. The slight oscillations about zero ahead of the P-wave arrival
time (visible in Fig. 6) are probably caused by truncation of the infinite integrals at n = 40,
since the convergence becomes quite slow as cdtla is decreased.

In Fig. 5, the mode contributions and mode sum are shown for the positive 8 propagating
u* wave at 8 in. The additional propagation of nl2 in 8 has effected some striking

t Results for velocities at (} = n, and displacements at (J = in and (J = It, are presented in [20].
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changes. The most obvious change is the decrease of amplitude of the wave. Second, the
mode convergence has become even more rapid than at e in. Third, the mode sum is
clearly zero ahead of the P arrival (the infinite integrals converge much more rapidly at
higher e's because of the imaginary part of v) and the slow, smooth rise of the pulse from
zero at the front, which is characteristic of diffracted waves (see [3]), has become apparent
in the numerical results. Finally, a pulselike behavior has begun to emerge at the R wave
arrival time. This delayed emergence of the Rayleigh-type pulse is similar to the behavior
in the half-space problem with a buried source disturbance [23]. This behavior is also an
early indication of the long-time dominance of the Rayleigh pulse predicted by Miklowitz
[11].

To obtain the total response at the () = in point, the wave sum ofthe u* waves must be
formed per equation (6). This is illustrated in Fig. 6. The first wave to arrive is the m = 0
wave, which is just the u* wave at e= in given in Fig. 4. The second wave to arrive is the
m = 1 wave, propagating in the negative () direction. By virtue of the symmetry of u*
in e, this second wave is identical to the m= 0 wave at () = in, given in Fig. 5. The m= 1
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and m = - 2 waves also arrive at (J = t1t for cdtla < 10, but their contributions are neg­
ligible for cila < 10. Thus, the wave sum is essentially the sum of the u* waves for m = 0
and m = -1, as shown in Fig. 6 by the solid curve. The correspondence with the long-time
solution is seen to be good; the slight deviation for cdtja approaching 10 is probably due
to the neglect of the P4 mode in the m = 0 wave. The three-term Fourier results obtained
by Baron and Parnes [5J are seen in fairly good correspondence except near the wave front,
where the three terms are not enough to give even qualitatively correct results. The close
correspondence of the present representation with the physics of the problem is exem­
plified by the fact that pulselike disturbances at the P_ 1 and R_1 arrival times are a natural
part of the present representation.

The waves and wave sum for the circumferential velocity at (J = t1t are shown in Fig. 7.
Some comparisons with the radial velocity results in Fig. 6 worthy of comment are as
follows: (1) a much larger disturbance is contributed by the m = -1 wave at the P- 1

arrival time, which the Fourier series results tend to smooth out, (2) the Fourier series
results are in better agreement near the Po wave front, (3) a barely detectable Rayleigh
pulse occurs in the m = -1 wave, and (4) the short-time oscillations in the m = 0 wave,
caused by truncation of the infinite integrals, are slightly larger than they were for the
radial velocity.

CONCLUSIONS

The approach based on the wave-sum method provides better physical insight into
the early-time, near-field wave motions than does the Fourier series method. The wave­
sum form of solution converges rapidly at short times where the Fourier series solutions
are ineffective. The convergence at long time is still fast enough so that seven modes
provide an accurate solution. It must be kept in mind that, for general loading functions,
the comparative convergence properties of the two methods depend on the time constants
of the load. For load histories that are "more impulsive" than the step-function, the wave­
sum method would be even more rapidly convergent; however, for more gradually applied
loads, the Fourier series method would become more advantageous.

It is also important to recognize the disadvantages of the wave-sum method. First,
numerical evaluations of the type presented, using the mode series, are restricted to the
shadow zone. Second, the relatively abstruse mathematics of Bessel functions of complex
order come heavily into play. Finally, the roots of a complicated transcendental equation
must be evaluated before the evaluation of the inversion integrals themselves, making the
overall numerics for the present approach considerably more involved than those for the
Fourier series approach.
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A6CTpaKT-HaCTOllll.(ali pa60Ta lIcCne,ll,yeT ,ll,ByxMepHoe B3allMO,ll,eikTBlie BonHbl CJKaTlili THna cTyneHlfaToH
<PYHKI.\HH B 6ecKoHelfHo ynpyroH cpe,ll,e c KpymoH nonOCTblO. ITpe,ll,CTaBneHHbIH 3,ll,eCb cnoc06 paclfeTa
lIBnlleTCli npHMeHeHHeM MeTO,ll,a pa3pa60TaHHoro <PpH,ll,nllH,ll,epOM ,ll,nll npH6nHJKeHHit <pPOHTOB BonH.
MeTO,ll, <PPH,ll,nllH,ll,epa oKa3blBaeTc1l60nee 3<p<peKTlIBHbIM ,ll,nll KOpOTKlIX lIHTepBanOB BpeMeHlI no cpaBHeHlIlO
C peweHlIeM B pllL\ax <Pypw. B npe,ll,CTaBneHHoH pa60Te npHMeHlIeTclI, BnepBble, lfHcneHHblH aHanH3 K
MeTO,ll,y <PpHL\nllHL\epa. 3TOT aHanH3 npHrO,ll,eH TonbKO B paHoHe OTpaJKeHHlI nonOCTH, TaK KaK TonbKO B
3TOM paitoHe MOJKHO nOCTpOHTb peweHHe ,ll,nll nepeXOL\HblX xapaKTepllcTHK B pllL\ax ,ll,nll Kpyrnblx <POPM
pacnpocTpaHeHHlI. 3TH <pOPMbl onpeL\enlilOT L\HCnepwpYlOlI.(HH cneKTp npH OTHoweHHH KOMnneKCHblX
lfHcen BonH K lfacTOTe. IlpeL\CTaBnllIQTCli lfHcneHHble pe3ynbTaTbi L\nll ceMH <pOPM cneKTpa. ITonYlfeHHble
<pOPMbl lIcnonb3YIQTcli L\nll nocTpoeHHlI nonepelfHblX CKopocTeH Ha 3aL\HHX noaepXHocTliX nonOCTH.
l.{HcneHHble pe3ynbTaTbi YKa3bIBalOT Ha OlfeHb 6blCTPYIQ CXO,ll,HMOCTb PllL\OB ,ll,nll <pOpM, npH KOpOTKHX
lIHTepBanax BpeMeHH, a TaKJKe, 'ITO ceMb <pOPM OKa3blBaIQTCli ,ll,OCTaTOlfHbIMH .n.nll onpe.n.eneHlIli aClIMnTO­
TH'IeCKHX 3HalfeHHH .n.nll ,ll,nHHHbIX HHTepBanOB BpeMeHH. ITo cpaBHeHHIO C npe,ll,bl)J.yIIJ,HMH pe3YJIbTaTaMH
B pll)J.ax <Pypw, HaCTOllll.(ee peweHHe He CO,ll,epJKHT HeTOlfHocTH B HeKoTopol!: cTeneHH, npH KOPOTKHX
HHTepBaJIaX BpeMeHH, KOTopali cYlIlecTByeT,ll,nll pemeHHll B pll.n.ax.


